The spontaneous polarization patterns of ferroelectric nano-metamaterials are studied by using the real-space phase-field model based on the Ginzburg-Landau theory.
where fLand, felas, fcoup, fgrad, and felec denote the Landau energy density, the elastic energy density, the coupling energy density, the gradient energy density, and the electrostatic energy density, respectively. V is the entire volume of the ferroelectric system. The Landau energy density is expressed by a six-order polynomial of the spontaneous polarization as [2]     4 3 4 2 4 1 11 2 3 2 2 2 1 1 6  3  6  2  6  1  111  2  1  2  3  2  3  2  2  2  2  2  1 12 2  2  2  1  4  3  2  3  2  1  4  2  2  3  2  2  4 1 112
where α1 = (T − T0) ∕ 2κ0C0 is the dielectric stiffness, α11, α12, α111, α112, and α123 are higher order-stiffness coefficients, T and T0 denote the temperature and the Curie-Weiss temperature, respectively, C0 denotes the Curie constant, and κ0 denotes the dielectric constant of vacuum. The strain energy density is given by 
where c11, c12, and c44 are the elastic constants. The coupling energy density is given by 
where q11, q12, and q44 are electrostrictive coefficients. The gradient energy density is given by
where G11, G12, G44, and where t represents time, L is the kinetic coefficient related to the domain mobility, δF/δPi (r, t) denotes the thermodynamic driving force for polarization evolution, and r is the spatial vector. In addition to the time-dependent Ginzburg-Landau equation, the following mechanical equilibrium equation
and Maxwell's (or Gauss) equation
must be satisfied for charge and body force free ferroelectric materials simultaneously.
Using the variation or principal of virtual work, the governing Equations (7)-(9) are expressed in the integral form (or weak form) as [3] 
where ti is the surface traction, w denotes surface charge, and πi = 
